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In this paper, we study a distance measure between fuzzy implications. The 

proposed distance measure is normalized and, therefore, gives rise to the 

corresponding similarity measure. The existence of a distance measure of 

fuzzy implication and the quantification of the similarity of these is very 

important in applications.  
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1. Introduction 

 

Various distance and similarity measures for fuzzy sets, as well as their applications, have been 

proposed in the literature [1-14]. A theoretical usefulness of similarity measures is that it enables us 

to classify fuzzy implications into equivalence classes, based on their degree of similarity [15]. In 

addition, to a specific problem, similarity classifications are a useful tool because help us to calculate 

the degree of similarity of the behavior of these. 

Balopoulos et al. [1], proposed new families of normalized distance measures and its dual families 

of similarity measures between binary fuzzy operators. The family of distance measures has emerged 

from the transformation of a metric distance between matrices by using fuzzy implications. These 

definitions, they on the availability of two particular finite fuzzy sets, which, in the case of fuzzy 

implications, may be viewed as a set of predicates and a set of antecedents. 

The present study uses a metric distance to measure the "distance" between two fuzzy 

implications, which is not subject to the above restrictions. The corresponding similarity measure of 

this metric distance, which we use in this paper, can used to determine the degree of similarity and/or 

the degree of inclusion between two fuzzy implications. 

The layout of this paper is as follows. In Section 2, we recall some basic concepts that are more 

or less known in the literature. Section 3 studies a metric measure for fuzzy implications and its dual 
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similarity measure. Moreover, Section 4 gives a numerical example. Section 5 summarizes the 

contribution of this work. 

 

2. Mathematical Background – Preliminaries 

 

This section recalls some basic concepts associated with metric distances and fuzzy implications. 

All basic concepts, that we are going to use in this paper, can be found in [6, 16-20]. 

 

2.1 Metric Distances - Basic Notations  

 

We recall that a metric distance in a set � is a real function �: � × � → ℝ, which 

satisfies, ∀�, 
, �∈� the following three conditions:  

 

i. Reflexivity − ���, 

 = 0 ⇔ � = 
. 

ii. Symmetry − ���, 

 = ��
, �
. 
iii. Triangle inequality − ���, �
 + ���, 

 ≥  ���, 

.  

 

Note that from the above arises ���, 

  ≥  0. Various metric distances, involving fuzzy sets, have 

been proposed in the literature. Let two fuzzy subsets F1 and F2, of a universe set X, with membership 

functions ����. 
 and ����. 
, respectively. We have: 

 

�����, ��
 = ∫�|�����
 − �����
|��,                       (1)     

 

�!���, ��
 = ⋁ |�����
 − �����
|�∈� ,                       (2)     

 

�$���, ��
 = �∫�|�����
 − �����
|$��
�/$, $ ≥ �,                       (3)     

 

�&''.'($���, ��
 = )*+ {- ∈ ℝ: .�{� ∈ �: |�����
 − �����
| > -0
 = 1.                       (4)     

 

The family of distances from Eqs. (1)−(3) are called the Minkowski distances. In Eq. (3), p is a 

parameter satisfying 1≤ p ≤+∞. When p =1, d1 is called the Hamming distance of fuzzy sets. When p 

=2, d2 is called the Euclidean distance. When p=∞, d∞ is called the Chebyshev distance of fuzzy sets. 

The distance in Eq. (4) is called the essential supremum. It is known that  lim6→! �6 �7�, 7�
 =
�899.9:6�7�, 7�
 and lim6→! �6 �7�, 7�
 ≤ �!�7�, 7�
 both provided that <��
 < ∞. In that case, it is 

�899.9:6�7�, 7�
 ≤ �!�7�, 7�
. 

 

2.2 Fuzzy Implications - Basic Notations 

 

A fuzzy implication is a function >: [0,1] × [0,1] → [0,1], which for any truth values B, C ∈ [0,1] 

of propositions P and Q, respectively, gives the truth value >�B, C
 of the conditional proposition: "if 

P then Q ". 

One way of defining an implication operator → in classical logic is by using: 

 

� → D = ¬� ∨ D, �, D ∈ {1, �}.                       (5)     
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This formula can also be rewritten based on the law of absorption of negation in classical logic, 

as either (for all B, C ∈ {0,1}): 

 

� → D = GH� {� ∈ {1, �}: H ∧ � ≤ J},                       (6)     

 

or 

 

� → D = ¬� ∨ �� ∧ D
,                       (7)     

 

or 

 

� → D = �¬� ∧ ¬D
 ∨ D.                       (8)     

 

Fuzzy logic extensions of the previous four formulas ∀�, 
 ∈ [0,1] are: 

 

LM��, D
 = M�*��
, D
,                       (9)     

 

LN��, D
 = '($ {H ∈ [1, �]: O��, H
 ≤ D},                     (10)     

 

LPQ��, D
 = M�*��
, O��, D

,                     (11)     

 

LR��, D
 = MSOS*��
, *�D
T, DT.                     (12)     

 

where S, T, and n denote a t-conorm, a t-norm, and a fuzzy negation on [0,1], respectively, and the 

triple <S, T, n> is required to satisfy the De Morgan laws U�V�B, C

 = WSU�B
, U�C
T and 

U�W�B, C

 = VSU�B
, U�C
T, ∀B, C ∈ [0,1]. Note that fuzzy implications obtained from Eq. (12) are 

usually referred to as D-implications [5, 19]. 

 

3. Measuring the Distance between Fuzzy Implications 

3.1. A Distance Measure between Fuzzy Implications 

 

Let FS(X) denote the set of fuzzy sets in X and let ℑ denote the set of fuzzy implications. In the 

following, for short, we denote >��, Y
, where �, Y ∈ [0,1], instead of >�Z�B
, [�C

, where Z, [ ∈
7W��
. Let >�, >� ∈ ℑ. We calculate the space, which is located between the graphic representations, 

of these two fuzzy implications, using the function �\�>�, >�
 = ∬^|>���, Y
 − >���, Y
|���Y, 

where _ = [0,1] × [0,1] = {��, Y
|�, Y ∈ [0,1]}. 

The following proposition introduces a distance measure between fuzzy implications. 

Proposition 1: Let >�, >� ∈ ℑ. A distance measure function �\: ℑ × ℑ → [0, +∞
 is given by 

�\�>�, >�
 = ∬^|>���, Y
 − >���, Y
|���Y, where _: 0 ≤ � ≤ 1,0 ≤ Y ≤ 1.  

Proof of Proposition 1: The function h
d  must be satisfies the three conditions of metric distance: 

 

i. Reflexivity property − �\�>�, >�
 = 0 ⇔ >���, Y
 = >���, Y
, ∀�, Y ∈ [0,1]. 

ii. Symmetric property − �\�>�, >�
 ⇔ ∬^|>���, Y
 − >���, Y
|���Y = ∬^|>���, Y
 −
>���, Y
|���Y ⇔ |>���, Y
 − >���, Y
| = |>���, Y
 − >���, Y
|. 

iii. Triangle inequality: 

 

�a�L�, L�
 + �a�L�, Lb
 = ∬N|L��H, c
 − L��H, c
|�H�c + ∬N|L��H, c
 − Lb�H, c
|�H�c,               (13)     
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and 

 

�a�L�, Lb
 = ∬N|L��H, c
 − Lb�H, c
|�H�c,                     (14)     

 

with: 

 
|L��H, c
 − L��H, c
| + |L��H, c
 − Lb�H, c
| ≥ |L��H, c
 − Lb�H, c
|.                     (15)     

 

Comparing Eq. (13), Eq. (14), and Eq. (15), we conclude that �\�>�, >�
 + �\�>�, >d
 ≥
�\�>�, >d
. Thus, Proposition 1 is proven. 

Proposition 2: Let �\: ℑ × ℑ → [0, +∞
 be the above distance measure between fuzzy 

implications. Then the following statements are true: 

 

i. �\�>�, >�
 ≥ 0 for every >�, >� ∈ ℑ. 

ii. Generalized triangle inequality − �\�>�, >e
 ≤ �\�>�, >�
 + �\�>�, >d
 + ⋯ +
�\�>eg�, >e
 for every  >�, >�, … , >e ∈ ℑ. 

iii. |�\�>�, >d
 − �\�>�, >d
| ≤ �\�>�, >�
 for every >�, >�, >d ∈ ℑ. 
iv. |�\�>�, >�
 − �\�>d, >i
| ≤ �\�>�, >d
 + �\�>�, >i
 for every >�, >�, >d, >i ∈ ℑ. 

 

Proof of Proposition 2: The function h
d  must be satisfies the three conditions of metric distance: 

 

i. In the triangle inequality �\�>�, >�
 + �\�>�, >d
 ≥ �\�>�, >d
 we place >� where >d and 

using the symmetric property we take that �\�>�, >�
 ≥ 0 

ii. Proof of this statement immediately results from the triangle inequality, using the 

inductive method. 

iii. From �\�>�, >�
 + �\�>�, >d
 ≥ �\�>�, >d
 for every >�, >�, >d ∈ ℑ, we have: 

 

�a�L�, Lb
 − �a�L�, Lb
 ≤ �a�L�, L�
.                     (16)     

 

In Eq. (12), we place >� where >� and >� where >�: 

 

�a�L�, Lb
 − �a�L�, Lb
 ≤ �a�L�, L�
.                     (17)     

 

Comparing Eq. (16) and Eq. (17) we conclude that |�\�>�, >d
 − �\�>�, >d
| ≤ �\�>�, >�
. 

iv. This statement is proven in a similar manner, using the generalized triangular inequality. 

Thus, Proposition 2 is proven. 

 

3.2. A Dual Similarity Measure for Fuzzy Implications 

 

We introduce a similarity measure for binary fuzzy operators. The distance measure for binary 

fuzzy operators is normalized and therefore gives rise to the corresponding similarity measure. 

Proposition 3: The degree of similarity between two fuzzy implications >�, >� ∈ ℑ is defined as 
W\�>�, >�
 = 1 − �\�>�, >�
 = 1 − ∬^|>���, Y
 − >���, Y
|���Y, where _: 0 ≤ �, Y ≤ 1.  

The similarity measures are continuous, reflexive, and symmetric in their arguments, take values 

in [0,1], and are exactly 1 for >� = >�. 
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4. Numerical Example 

 

In fuzzy systems applications, the predominant practice, known as the Mamdani method, is to 

employ fuzzy products instead of implications. The fuzzy products most commonly used in 

applications are �∀�, Y ∈ [0,1]
 

 

i. Mamdani rule − >j��, Y
 = min ��, Y
. 

ii. Larsen rule − >lm��, Y
 = �Y. 
 

Product-based distance measures for fuzzy sets are similar to traditional measures in that they 

emphasize plausibility values. They simply increase the available variety. We refer to σo, σpq, as the 

"engineering implications", contrary to the fuzzy implications [1]. 

In this section, we refer to and employ four fuzzy implications and two engineering implications. 

All these are listed here to avoid repetition �∀�, Y ∈ [0,1]
: 

 

i. Reichenbach − >^8��, Y
 = 1 − � + �Y. 

ii. Lukasiewicz − >l��, Y
 = min �1,1 − � + Y
. 
iii. Kleene-Dienes − >rs��, Y
 = max �1 − �, Y
. 
iv. Gödel − >v��, Y
 = w 1, xyz � ≤ Y

Y, xyz � > Y . 
v. Klir-Yuan − >r{��, Y
 = 1 − � + ��Y. 

vi. Mamdani − >j��, Y
 = |}U ��, Y
. 
vii. Larsen − >lm��, Y
 = �Y. 

 

Let the fuzzy implications >^8��, Y
, >r{��, Y
, where �, Y ∈ [0,1]. We calculated the distance 
�\�>^8, >r{
, as �\�>^8, >r{
 = ∬^|>^8��, Y
 − >r{��, Y
|���Y, with _: 0 ≤ �, Y ≤ 1, and 

�\�>^8, >r{
 = ∬^|�1 − � + �Y
 − �1 − � + ��Y
|���Y = 0.0833.  
The degree of similarity between these two fuzzy implications is W\�>^8, >r{
 = 1 −

�\�>^8, >r{
 = 0.9167. In a similar manner, for all pairs of operators 

from >^8 , >l , >rs , >v , >r{, >j, >lm, we measured distance and similarity, where 0 ≤ �, Y ≤ 1. We 

reported all pairwise similarity values in Table 1. We do not tabulate the corresponding distance 

values, as they are simply complements with respect to 1. 

 

  Table 1 

  Fuzzy implications and their similarity values 

Ma�. , . 
 LN& LQ L�R L� L�� L� LQH 

LN& 1 0.9167 0.9167 0.8337 0.9167 0.5833 0.5000 

LQ 0.9167 1 0.8333 0.8334 0.8333 0.5000 0.4167 

L�R 0.9167 0.8333 1 0.8320 0.947 0.6667 0.5833 

L� 0.8337 0.8334 0.8320 1 0.7817 0.6666 0.5330 

L�� 0.9167 0.8333 0.947 0.7817 1 0.6583 0.5833 

L� 0.5833 0.5000 0.6667 0.6666 0.6583 1 0.9167 

LQH 0.5000   0.4167 0.5833 0.5330 0.5833 0.9167 1 

        

From the limited numerical evidence presented here, a first comment, all W\�. , . 
 for all pairs of 

operators from >^8, >l , >rs , >v , >r{ differ little from each other and a lot from >j, >lm. The most 

important distinguishing factor among the operators considered is whether they are fuzzy 

implications or fuzzy products. Therefore, if the proposed similarity measure is to be meaningful and 
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useful, it is important to be able to distinguish fuzzy implications from fuzzy products. These 

numerical results show that the proposed similarity measure agrees with intuition, as is required 

from any fuzzy tool. 

 

5. Conclusions 

 

Generally is accepted that fuzzy sets are much more efficient at representing uncertainty in real-

life problems. In this framework, we have proposed a distance measure between fuzzy implications 

and its dual similarity measure. The proposed distance measure and its dual similarity measure refer 

to fuzzy implications >�Z�B
, [�C

, where A and B are infinite sets. The proposed measures 

between fuzzy implications, give satisfactory results, compared with the most commonly used 

metrics, as shown by the given numerical example. The distance measures are application-oriented. 

Therefore, the existence of distance measures and similarity measures between fuzzy implications 

helps us to classify them. Finally, we believe that the similarity measure for fuzzy implications 

provides a convenient means for their classification in the context of any given problem. 
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